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Comparison of Inverse Modification Techniques
for Some Gyroscopic Systems

Jifang Tian* and Stanley G. Hutton'
University of British Columbia, Vancouver, British Columbia V6T 174, Canada

First- and second-order sensitivity and modification prediction techniques for gyroscopic systems are derived in
order to develop effective inverse modification iterative procedures for such systems. Several techniques including
inverse sensitivity methods, inverse modification techniques, and direct optimization methods are described and
investigated. Accuracy and limitations of these algorithms are assessed by numerical studies of a rotating disk and
a shaft rotor system. A comparison of these methods provides useful numerical information.

I. Introduction

SIGNIFICANT task in system dynamicsis the modification of

system parameters to obtain dynamic behavior of a prescribed
manner. Alternatively, the need to adjust system parameters to get
a better agreement with test results may arise. Inverse modification
techniques have been a research topic of interest because of their
wide applicationin such problems. We classify inverse modification
techniques into three groups: inverse sensitivity methods, inverse
modification methods, and direct optimization methods.

Early investigations were mainly focused on inverse sensitivity
methods and iterative modification techniques of undamped nongy-
roscopic systems. Bohte,! Tayor,? and Friedland et al.> investigated
sensitivity methods for inverse eigenvalue problems. Linear pertur-
bation methods, which allow for small structural changes, were in-
troducedby Stetsonand Palma,* and later Sandstrom and Anderson’
described a similar inverse modification technique. Kim et al.® pre-
sented an inverse modification approach that included all nonlinear
terms. However, its applicabilityis limited to small models because
itrequires a great deal of computationtime. Kim and Anderson’ em-
ployed dynamic condensation to reduce the problem size for large-
scale systems. Hoff et al.® proposed a two-stage predictor-corrector
algorithm that made it possible to predict large system changes.
Bernitsas and Kang® used a multiple step modification technique to
improve the predicted results with large modifications. Smith and
Hutton'® presented an improvedinverse modification method utiliz-
ing baseline modes, which is more accurate for large modifications.

Gans and Anderson'! employed the predictor-corrector method
to optimize systems with Coriolis effects, which are formulated into
a separate velocity-dependentmatrix. Meirovitch'?> and Chen etal.'?
developed eigenvalue sensitivity analysis for gyroscopic systems.

The purpose of the present work is to formulateiterativeequations
based on the state equations of a gyroscopic system with multiple
prescribed frequencies;to develop effectiveiterative proceduresus-
ing sensitivity analysis, modification, and optimization techniques;
and to investigate their accuracy and other characteristics. The com-
parison presented is designed to help researchers choose a suitable
inverse modification technique that will work well for a specific
gyroscopic system.

II. First- and Second-Order Sensitivity

Analyses of Gyroscopic Systems

The equation of free vibration for a standard undamped gyro-
scopic system can be written as

Mi+Gu+Ku=0 (D
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or in the first-order form

Ax+Bx =0

I

M, G, and K(M x M) are the mass, gyroscopic,and stiffness matri-
ces, respectively. In general, M is a real and symmetric matrix, G is
areal and skew matrix, and K is real and symmetric but not neces-
sarily positive definite. Assuming distinct eigenvalues, this kind of
eigenproblemcan be expressed by the following three equations:

2
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(A=AT, B=—-B")

AAX, +Bx, =0 3)

@)

x*mTAx,, Sumn x*mTBx,, = —8ntn
where X, and x, are the eigenvalue and eigenvectorof the nth mode.
Here, §,,, is the Kronecker delta and superscripts 7 and *T denote
the transpose and complex conjugate transpose, respectively.

On the basis of these orthogonality propertiesand the assumption
of purely imaginary eigenvalues (i.e., A, = —A*), we can derive the
eigenvalue and eigenvector sensitivities with respect to a certain
structural or physical parameter p. The eigenvalue and eigenvector

sensitivities are given by

)"U.j = —()»,,szA_jx,, +szB_jx,,) (5)

2N
xn.j = Zankxk (6)

k=1

where
Ap = —xZT()"nA.p +B.p)xn (k # n) (7)
)"k - )"n

L Y (k =n) (8)

where subscript j following a comma indicates a partial derivative
with respect to the jth design parameter. N can vary up to the prob-
lem order M, in which case the approximation becomes exact. It
is important to note that Egs. (5) and (6) are not true if the deriva-
tives are calculated in a region where the eigenvalue is not purely
imaginary.

Eigenvaluesare usually nonlinearfunctions of system parameters
and a second-order approximation offers a better prediction than
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the first-order approximation. Taking the derivative of Eq. (5) and
simplifying the result, we obtain

_ *T *T *T T
Anji = —[)»,,_,xn A jx, +x,,Z,x, +x," Z,x,

+x.7 (LA i + B j)x, | ©)

where Z, = A,A ; + B ;. Subscripts jl following acomma indicate
a second-order partial derivative with respect to the jth and /th de-
sign parameters. The change of the modal frequency corresponding
to a set of parametric increments Ap; can be expressed by use of a
Taylor expansion as

Ahy =) hujAp;+ % DD huadpAp+0(Ap]) (10)
j il

The eigenproblem and orthogonality properties of a general or
damped gyroscopic system, which is non-self-adjoint, can be ex-
pressed by the following four equations:

JAx, + Bx, =0, ATy, + BTy, =0 (11)

y,z;;Axn = amna y,Z,an = - amn)"n (12)
where x, and y, are the right and left eigenvectors, respectively.
It can be shown that the eigenvalue sensitivity of such a general
gyroscopic system is given by

)"n.j = _y,f()"nAJ +B_j)xn (13)

III. Modification Prediction Techniques
for Gyroscopic Systems
The eigenvalueequations of the unmodified and modified general
gyroscopic systems can be expressed by the following four equa-
tions:

AoXoAo +BoX, =0 (14)
AlYoAo+BlY, =0 (15)

(Ap + AAXA + By + AB)X =0 (16)
Ay + AT YA+ (By+AB)'Y =0 (17)

where Ay and B, are the state matrices of the unmodified system
with size 2M x M. AA and AB are the changes in the state ma-
trices as a result of a system modification. Ay, X, and Y, are the
full eigenvalue, right-, and left-eigenvectormatrices of the original
system, respectively. A, X, and Y are the full modified eigenvalue,
right-, and left-eigenvectormatrices, respectively.

The eigenvaluematrix A, and the normalized mode shape matri-
ces X and Y, satisfy the following orthogonality relationships:

YgAOXO =1 and YgBOXO = _AO (18)

Assume that the mode shapes for the modified system are linear
combinations of the mode shapes of the unmodified system. That
is,

X =X,C and Y =Y,C, (19)
where C and C; are the matrices of unknown constants, which are
also the modified right- and left-eigenvectormatrices in mode space,
respectively. Such a relationship is exact if Xo = X or Yy = Y.
Substitution of Eq. (18) into Egs. (16) and (17) and premultiplying
by Y7, which is the size-reduced left-eigenvector matrix, lead to a
new eigenvalue problem in mode space:

ACA+BC=0 (20)
ATC,A+B'C, =0 (21)
where

A=I1+Y!AAX, and B=-A,+Y ABX, (22)

Ao and A are the size-reduced eigenvalue matrices of the origi-
nal and modified systems, respectively. The size of the eigenvalue
problem in mode space is usually much less than that of the full
unmodified model, and so the eigenvalue problem can be solved
inexpensively for the modified mode shape matrices C and C,, and
eigenvalue matrix A. This procedure yields a satisfactory solution
for the modified system if enough modes of the original system
are contained in Eq. (18). Note that ¥, = Xj for a undamped gy-
roscopic system. In this case, the new normalized mode shapes in
physical coordinates are then given by Eq. (18) if C is normalized
by C*TAC = L.

IV. Inverse Modification Techniques

for Gyroscopic Systems
An important aspect of system dynamics is the identification or
adjustment of physical parameters to obtain improved dynamic be-
havioror getbetteragreementwith testresults. Six methods, as listed
in Table 1, are described and discussed. The methods are classified
into three groups: inverse sensitivity methods, inverse modification
techniques, and direct optimization methods. Only the frequency-

constrained gyroscopic problem is investigated.

A. Linear Inverse Sensitivity (IS-LIN) and Nonlinear Inverse
Sensitivity (IS-NLIN) Methods

This class of inverse modification schemes is based on a series ex-
pansionaboutthe baselinemodel. The frequencychanges Af (m x 1)
correspondingto a set of increments of system parameters A p can
be approximated by

SiIAp+1iS;=Af (23)
where
- T
S, = ["'APTSZkAP"']

Si and Sy, (k = 1,2, ..., m) are the first- and second-order sensi-
tivity matrices, respectively,and m is the number of eigenvalues to
be modified.

Because the Newton-Raphson procedure (i.e., the linear sensi-
tivity method) only involves first-order eigenvalue sensitivity, its
iterative equation is given by

(SITW51)AP =STWAf (24)
PL=po+Ap=py (25)

where W is a diagonal weighting matrix used to emphasize specific
mode frequencies or exclude poor quality test data and p; and py
are the bounds of the system parameters.

High-order sensitivities can also be used to improve the conver-
gence of the iterative procedure. Thus,

SiAp+385:+0ApY) = Af pL=po+Ap =py (26)

The inverse sensitivity procedure based on a least square mini-
mization is briefly described as follows.

1) Choose an initial guess p, for the system parameters.

2) Solve the eigenvalue problem of the gyroscopic system using
the eigenvalue equation in physical or modal coordinates.

3) Calculate the sensitivity matrix of the system.

4) Calculate the system parameters satisfying Eq. (24), (25),
or (26). When the solution is underdetermined, or the changes of

Table1 Summary of inverse modification
techniques for gyroscopic systems

Inverse sensitivity methods
Linear sensitivity (IS-LIN)
Nonlinear sensitivity (IS-NLIN)
Inverse modification methods in mode space
Inverse perturbation (MS-INVP)
Linear inverse perturbation (MS-LINVP)
Inverse sensitivity in modal space (MS-INVS)
Direct optimization methods in mode space (MS-DOPT)
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parameters need to be limited, it is necessary to use an optimization
algorithm.

5) Obtain the updated system parameters:p = p, + Ap.

6) Repeat steps 2-5 until | A p|| < &, where ¢ is a small positive
number.

B. Iterative Procedures Using Modification Techniques

The inverse sensitivity method is usually valid only for small
parameter modifications in a single analysis of the baseline system.
But the iterative procedure using modification techniques makes it
possible to improve the predicted result before rerunning the full-
size model. Three practical methods are described and discussed in
this section.

1. Inverse Perturbation Method in Mode Space (MS-INVP)

The procedure proposed here is an extension of the method de-
scribed by Smith and Hutton.!'” Itis an inverse iterative modification
approach using Eq. (20). For an undamped system, Eq. (20) can be
rewritten as

AoC — CA = X;" AAX,CA + X" ABX,C 27

where Ag(2N x 2N) and A(m x m) are the original and objec-
tive eigenvalue matrices, respectively. N is the number of baseline
modes used in the modification, and m is the number of eigenval-
ues to be modified. C(2N x m) is the new eigenvector matrix in
modal coordinates. The modified mode shapes X(2M x m) can be
expressed in terms of the original mode shapes Xo(2M x 2N) and
C(2N x m), thatis, X = X,C.

The system changes AA and AB are described by the summation
of all parameter changes:

A=A ;Ap;
J

Substituting Eq. (28) into Eq. (27) gives

AB = "B ;Ap, (28)
J

> (XA XCA + X;"B jXoC) Ap; = AC— CA  (29)
J

The solution of the preceding equation will provide the required
parameter changes to meet the modal objective. The inverse pertur-
bation method using modification is described as follows.

1) Set C = [I 0]7, this initial assumption is that the modified
mode shapes equal the baseline eigenvectors,i.e., X = Xj.

2) Solve Eq. (29) using only its diagonal terms to obtain the
change of system parameters Ap; and system matrices AA and
AB. Whenthe solutionis underdeterminedor the parameterchanges
need to be limited, it is necessary to use an optimization algorithm.

3) Substitutethe systemmatrix changes AA and AB into Eq. (27),
resulting in the following iterative equation:

FOrD =X;"AAXD A + X3 ABX? (30)
where

Fi+h — AOC(HI) —CUtOA and j((i) :)}OC(D

Superscript (i) indicates the current iteration. The corrected mode

shapes CY*" in modal space can be obtained by solving Eq. (30).
The explicit expression for C/ 1 in this procedure is given by

“T(AAA + AB
o = Do luDA ¥ AP (k # n) 3D
Aon — Ak

_ x;T (A AA + AB)x,
)"071 - )"n

(k =n, )"071 # )"n) (32)

nn

where Ag, and x,, are the nth eigenvalue and eigenvector of the
unmodified system, respectively. Here, 1, and x, are the nth pre-
scribedeigenvalueand calculated eigenvectorof the desired system,
respectively. It may be noted that Eq. (31) is similar to Eq. (7) in
form.

4) Substitute the corrected C¢ V) into Eq. (29) to provide the cor-
rected parameter changes. Repeat steps 2-4 until Ap;l RS Ap;’).

By using the outlined procedure, an improved inverse modi-
fication result can be obtained in a single analysis of the baseline
system.

2. Linear Inverse Perturbation Method in Mode Space (MS-LINVP)

The proposed method is an improved version of the predictor-
correctoralgorithm described by Hoff et al.® Using this method, the
inverse modification can be donein a small-sizedmode space. In the
predictorphase, the system parameter changes are obtained through
the first-order sensitivity method from Eq. (24) or Eq. (29) in which
Cissetto[I 0]":

Z (XSTAJXOI_\ +X;TB_J’)_(0)APJ’ = 1_\0 — 1_\ (33)

J

In the corrector phase, the calculated first-order approximation to
system changes is used to determine the first-order approximation
of the mode shapes in modal space. Assume that the changes of
mode shapes AX are linear combinations of the mode shapes of the
unmodified system. That is,

AX = X,C' (34)

Using this relationship and Eq. (6) and neglecting the nonlinear
terms, we can get the first-order approximationto C’. Note that the
changes of the nth mode shape in terms of the mode shape sensitivity
X, ; can be expressed as

Ax,, = an_jApj (35)
J

Substituting Eq. (6) into Eq. (35) and rearranging them into matrix
form give the following expression:

Ax,, Z)_(O(Za,,ApJ) :XOC’; (36)

J

where

C = Za,,Apj

J

wherea, is givenby Eq. (7). Using Eq. (36) the modified mode shape
matrix, wherea, X(2M x m) in physical coordinates can be written
as

X = X,C, (37)

¢ = 0" +[C, --- C,] (38)
Substituting Eq. (38) into Eq. (29) and solving Eq. (29), we can get
the corrected parameter changes.

The linear inverse perturbation method with updating baseline
modes in mode space (MS-LINVP) can be briefly described as fol-
lows.

1) Set C; = [I 0]7 and solve Eq. (33) only using its diagonal
terms to obtain the changes of system parameters Ap;.

2) Calculate the mode shape matrix in modal coordinates C; sat-
isfying Eq. (38).

3) Substitute C; into Eq. (29) and calculate the corrected param-
eter changes Ap; with or without forcing orthogonality conditions
on the objective modes.

4) Substitute the corrected parameter changes into Eq. (38) to
obtainthe corrected C;. Repeat steps 2-4 until Ap; doesnotchange.
5) Update the baseline modes using a modification technique.

6) Repeat steps 1-5 until [|Ap|| < e.

This procedure is equivalent to the predictor-corrector method
proposed by Hoff and Bernitsas® if the baseline modes are updated
by the linear modification method.



302 TIAN AND HUTTON

3. Inverse Sensitivity Method in Modal Space (MS-INVS)

This method is similar to the procedure described in Sec. IV.A,
but it performs multiple iterations without reanalyzing the full-size
model and updates the eigenvalues and mode shapes of the modified
system in the modal subspace by means of the modification tech-
nique. This procedure is summarized as follows, where i indicates
the number of the iteration.

1) Let i = 1 and choose the initial guesses po for the system
parameters.

2) Solve the full-sizeeigenvalue problemin physical coordinates.

3) Calculate the sensitivity matrix of the system.

4) Calculate the parameter changes Ap®) satisfying Eq. (24) or
Eq. (26).

5) Reanalyze the small-size eigenvalue problem in modal coor-
dinates using the modification prediction technique; determine the
modified eigenvalues and normalized eigenvectors in modal sub-
space, and then transform the eigenvectors into physical coordi-
nates by using Eq. (19). The iterative equations can be expressed as
follows:

ACA+BC=0 and CTAC=I (39)
6) Set i =i + 1 and repeat steps 3-5 until |[Ap?| <.
7) Calculate the total parameter changes:

Ap = Z Ap®

C. Direct Optimization Procedures in Mode Space (MS-DOPT)

Optimization techniques can also be applied to the inverse mod-
ification of eigenvalue problems in gyroscopic systems. Nonlinear
programming techniques with constraintsmay be classified into two
groups, i.e., direct search methods without using derivatives, such
as Hooke and Jeeves’ algorithm and the complex algorithm and
gradient methods in which the derivatives of the objective function
are used, for example, Rosen gradient projection method and the
reduced gradient method.'*!3

According to the authors’ experience, direct search methods ap-
pear to be the most successful approach because their persistent
adaptive nature allows them to converge when other methods lose
efficiency, which makes them particularly valuable for optimization
problems with multiple parameters and complex nonlinear behav-
ior. Some modified gradientmethods,such as the gradientprojection
method, are also very attractivebecause the eigenvalueand/or eigen-
vector sensitivity analysis can directly be used in the optimization
procedure.'® These kinds of methods tend to be rather fast if the
procedure is successful.

The direct search methods usually need a large number of objec-
tive function calculations, and each objective function calculation
also requires significant computation time. One approach to save
computer time is to employ modification techniques to calculate the
eigenvalue problem in modal space.

The followingexpressionsare used for the frequency-constrainal
inverse modification problem.

Objective function:

Optimize » "(f; — £,)? (40)
J

Constraints:
Subjectto p; <p <pyu
Objective function calculation:
ACA+BC=0

where f; and f; are the ith calculated and prescribed frequencies,
respectively. A reliable inverse modification procedure similar in
spirit to Hooke and Jeeves’ algorithm is developed and compared
with the other methods.

Inverse modification problems have quite complicated optimiza-
tion surfaces and constraints, and the search for a global optimum
may stop at a local optimal point. An effective solution approach

may need several runs, using different starting points or different
constraints.

V. Numerical Examples and Comparisons

A. Rotating Disk with In-Plane Residual Stresses

To demonstrate the capabilities of the methods, the analysis of
two examples,arotatingclampeddisk with in-planeresidualstresses
(Fig. 1) and a flexible rotor supporting a rigid disk (Fig. 2), were
considered. Figure 1 shows a representation of a circular disk of
inner radius a, outer radius b, and thickness & rotating with a con-
stant angular velocity €. The disk has been cold rolled, inducing
plastic strainsin theregion R; - Ry, This processis used to optimize
the lateral stiffness of circular saw blades. Outside this region the
stresses can be determined in terms of radial stresses S; and Sy
acting on the boundaries of the cold rolled region.!” Stresses S; and
Sy can be related to the rolling process; however, in the presentcase
these stresses will be considered to be design variables. Note that,
as defined by Schajer,'” S; and Sy are assigned negative signs when
S, and Sy acting on the region R; - Ry, are directed toward the outer
rim and the center of the disk, respectively.

The transverse deflection u of a rotating disk measured with re-
spectto the stationaryreferenceframe (r, 6, u) may be approximated
by a Galerkin solution in the form'8

M

N
u(r,0,0) =Y Y [Cpu(t) cos(n0) + 8,1, (1) sin(n6) 1Ry, (r)
m=0n=0
(41)

where C,,, () and S,,,(¢) are unknown functions to be determined
and R,,, (r) are known functionschosento satisfy the inner and outer
bending boundary conditions of the disk.

Applying the Galerkin procedure leads to a type of gyroscopic
equation of the following form:

MU, + GQU,, + K(Q)U, =0 (42)

where K(Q?) = K, — K;($?) and the Galerkin vector U, =
- Cpr Spn ).

The numerical results that follow were calculated for the case of
a sawblade clamped at its inner radius and free at its outer radius
witha = 0.1333 m, b = 0.406 m, h = 2.998¢—3 m. The problem
consideredis thatof modifyingthe internal stress distribution,which
is completely defined in terms of S; and Sy, to obtain a prescribed
modification to the natural frequencies of the rotating saw.

Table 2 presents the stress configurations used for the analysis of
two different speed cases: one at 500 rpm, where there is relatively
little contribution of the gyroscopic term in Eq. (42), and another
one at 3500 rpm, where the gyroscopic effect becomes important

Fig.1 Rotating disk with tensioning stresses.

H
H Disk
shaft Y
S B
e o T e T
| Iy 1 | [ I 1
X <
T

Fig.2 Rotor system with central disk.
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Table 2 Stress configurations considered

Rotating
Cases S1, MPa Su, MPa R;,m Ry, m speed, rpm
Original AO —-10.0 -10.0 0.25 0.26 500
Modified A —6.0 -7.0 0.25 0.26 500
Original BO —-24.0 —-24.0 0.35 0.36 3500
Modified B -5.0 —6.0 0.35 0.36 3500

Table 3 Comparison of modified and original frequencies

Modified Frequency
Mode Original frequencies,b Hz frequencies, Hz ratio
number® A0 BO A B A/A0 B/B0O
1 21.22(0,0)  53.27(0,0) 26.19 71.38 1.234 1.340
2 20.74(0,1-) 15.55(0,1—) 22.58 21.37 1.089 1.374
3 33.29(0,2—) 132.2(0,14+) 30.59 138.02 0919 1.044

aMode (M, N=+) is the M nodal circles and N nodal diameters.
bForward traveling wave + and backward traveling wave —.

Table4 Inverse modification results: case A, four modes

Methods S, MPa Sy, MPa E

MS-INVP —5.5184 —7.2707 1.68¢—2
MS-INVS —5.4606 —7.2865 1.73e—2
MS-LINVP —5.4550 —7.2896 1.77e-2
MS-DOPT —5.4548 —7.2896 1.77e-2
IS-NLIN —5.6609 —7.0383 1.80e—2
IS-LIN —7.5167 —6.6839 2.11e—1

Table 5 Inverse modification results: case A, 10 modes

Methods S, MPa Sy, MPa E

MS-INVS —6.00000 —7.00000 2.17¢—26
MS-DOPT —6.00000 —7.00000 2.95¢—15
MS-LINVP —6.00000 —7.00000 7.13¢e—13
MS-INVP —5.99999 —7.00000 3.71le—12

and K(2?) becomes negative definite. At each speed, two different
stress distributions are specified, and three natural frequencies cor-
respondingto each of these cases are given in Table 3. These results
were obtained by solving Eq. (42) with model size M = 2 and
N = 20. The results of this analysis were then used to investigate
the inverse modification performance of the methods in attempting
to predict the modified stresses presented in Table 2 in terms of a
frequency modification specification as defined by Table 3.

The inverse modification results for case A using the six different
methods discussed are given in Table 4. Four baseline modes of the
original configurations were used in these procedures. In Table 4,
the accuracy and iterative error

E=) (=57

of these methods are examined. All of the methods give poorresults,
with IS-LIN performing worst of all. The reason for the poor perfor-
mance was the small number of modes used. It was also found that
IS-NLIN can improve the results obtained by IS-LIN to a certain
extent.

To illustrate the effect of the number of baseline modes, the same
problem was run with 10 baseline modes, and the results are pre-
sented in Table 5. All of the methods using modification techniques
give almost exactresults, with MS-INVS giving the best result. This
result emphasizes the fact that sufficient baseline modes need to be
included in the procedures to obtain an accurate result. It was also
found that MS-DOPT has good accuracy and a persistent adaptive
nature but it has a very slow convergencerate.

Figures 3 and 4 show the iterative error and inverse modification
results vs the number of iterationsusing MS-INVP, MS-LINVP, and
MS-INVS with 10 baseline modes. MS-INVS has the best accuracy

Table 6 Inverse modification results: case B, 10 modes

Methods S;,MPa Sy, MPa E
MS-INVS(a) —5.00000 —6.00000 6.66e—27
MS-LINVP (a) —4.99999 —6.00004 1.30e—12
MS-DOPT (a) —4.99999 —6.00006 1.09¢—11
MS-INVP (a) —4.99994 —6.00034 4.75¢—10
IS-NLIN (a) —8.91890 —16.2835 2.07
IS-LIN (a) —8.83602 —33.6671 74.1
IS-NLIN (b) —4.98391 —6.09554 4.49¢—-5
IS-LIN (b) —4.80260 —7.42130 1.67e—2
TE+02
1E-02
~ 1E-06
S
g 1B10
¥
L
) AT
o
8
IE-18 —8— MSINVP
B2 —o— MSLINVP
—8— MSINVS
E26 Lo v - :

01 23 45 67 8 910121416 1820
Number of iterations

Fig. 3 Iterative error: case A, 10 modes.

-3.0

Tensioning stresses (MPa)

Number of iterations

Fig.4 Inverse modification results of Sy : case A, 10 modes.

and convergence rate. This is because of baseline mode updating
using a modification technique at each iteration. In fact, it usually
gives the best accuracy possible without reanalyzing the full-size
model. MS-INVP and MS-LINVP work well but have a slower
convergencerate.

Toinvestigatethe characteristicsof the inverse modification meth-
ods as the gyroscopic effects become more important, cases Ba
and Bb with both relatively poor and good initial guesses, case Ba
S, = —24.0 MPa, S; = —24.0 MPa, and case Bb §; = 0.0
MPa, S; = 0.0 MPa, are examined, and the results are sum-
marized in Table 6. All of the methods involving the modifica-
tion technique in modal space give very good results. MS-INVS
still gives results of highest accuracy and convergence rate when
compared to MS-INVP, MS-LINVP, and MS-DOPT. The inverse
sensitivity methods give poor results with a poor starting approx-
imation but IS-NLIN gives an accurate result for case Bb, i.e., in
the case where the initial guess is sufficiently close to the required
solution.

To investigatethe convergencebehaviorof the three typicalmeth-
ods, MS-INVP, MS-INVS, and MS-LINVP without rerunning the
full-size model, cases Ba and Bb were examined. The results of case
Ba are shown in Figs. 5 and 6. The convergencerate in MS-INVS
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Fig.5 Iterative error: case Ba, 10 modes.
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Fig.6 Inverse modification results of Sy : case Ba, 10 modes.

is much faster than MS-INVP and the stress result from MS-INVP
oscillates or even diverges with relatively poor starting guesses. For
large parameter changes, MS-INVP has an approximately linear
convergencerate whereas MS-INVS converges with a higher-order
rate. The results of MS-LINVP are situated between those of MS-
INVP and MS-INVS. The same conclusions were obtained from the
results of case Bb.

Note that mode sequence in the equations may change during the
iterative procedures, which can lead to divergence or poor accuracy.
Therefore, it is necessary to keep the same mode sequence in the
procedures.

B. Rotor with a Central Disk

The second example considers the case of a simply supported
flexible rotating shaft with a rigid central disk rotating at a speed
of 1500 rpm, as shown in Fig. 2. The shaft is made of steel with
Young’s modulus E = 2.1e11 N/m? and density p = 7850 kg/m’.
It has a length of 2 m, moment of inertia /, equal to 4.91e—6 m*,
and cross-sectionalarea A of 9.82¢—6 m*. The thickness and inner
and outer diameters of the central disk are 0.05, 0.1, and 0.3 m,
respectively. One rigid disk element and 10 rotating beam elements
are used, involving 40 degrees of freedom. The equation of motion
for this type of undamped rotor system may be written as MU +
G(Q)U + KU = 0, where stiffness matrix K, is independentof the
rotatingspeed unlike the stiffnessmatrix of the flexible rotating disk.

The problem considered is that of raising the fundamental fre-
quency (fi = 62.2 Hz) to 65.0 Hz by changing the moment of
inertia in the sixth element. When 20 baseline modes are retained
in the procedures, the modified variables and objective frequencies
achievedin MS-INVP and MS-INVS are 7.337le—6 m*, 64.986 Hz
and 7.3476e—6 m*, 64.996 Hz, respectively. Figure 7 shows the it-
erative error vs the number of iterations with 10 and 20 baseline
modes. A number of other cases with and without the central disk
were also run to check the consistency of results. On the whole, con-
clusions consistent with those drawn from the analyses of a flexible
rotating disk were obtained. The only difference was that MS-INVS
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Fig.7 Iterative error: rotor system, 10 and 20 modes.

converges rapidly only as more baseline modes are involved in the
calculation. The objective frequency can be reached exactly and
rapidly if 40 baseline modes are used in the procedure.

From a number of case studies, it is found that the three typical
algorithms MS-INVS, MS-INVP, and MS-LINVP are about equiv-
alent when few baseline modes are used and/or relatively small
parameter changes are involved in the calculation. It is also found
that the results of MS-LINVP are always situated between those of
MS-INVP and MS-INVS.

VI. Discussion

The accuracy and efficiency of an inverse modification procedure
depend mainly on its iteration algorithm and its strategy of baseline-
mode updating. MS-INVS uses a Newton-Raphson iteration algo-
rithm with a high convergence rate, whereas the iterative method
employed in MS-INVP can be mathematically proved to be an al-
gorithm with a slow convergencerate. It is the iterative method that
may cause fluctuation or divergence for large-parameter changes.

Baseline-mode updating plays a key role in inverse modification
procedures. The strategy used in the predictor-corrector methods
proposed by Hoff et al.? is to update baseline modes using linear
modification, which results in an inaccurate prediction of the mod-
ified modes shapes for large-parameter changes. A modification
technique in modal space is employed to update baseline modes
in MS-INVS and MS-LINVP, which retains all nonlinear coupling
terms. The iterative procedure in MS-INVP is directly carried out
within the characteristicequation in modal space instead of solving
it for updating baseline modes, which slows the convergencerate.

It can be proved that the modification method involving eigen-
value analysis in modal space gives the best modified mode shapes
possible with a given set of baseline modes. It can also be proved
that the linear modifications with a large number of steps approach
the accuracy equal to that of the modification method in modal
space.! ° Therefore, it can be concluded that MS-INVS, MS-LINVP,
or MS-INVP is more accurate than the predictor-corrector method,
even the latter is used stepwise.!® Note that the predictor-corrector
method becomes equivalentto MS-INVS if the modification method
in modal space is used to update baseline modes in the corrector
phase.

Furthermore, the accuracy and convergence rate of an inverse
modification procedure are also determined by the nonlinear char-
acteristics of the eigenvalue curves with respect to design parame-
ters, the difference between original and objective frequencies, and
the number of baseline modes used in the calculation. For different
problems, these factors will change the absolute accuracy and con-
vergence rate of these procedures, but they will not change the rel-
ative accuracy among these algorithms if sufficient baseline modes
are involved.

To obtain a more accurate solution with higher convergencerate,
the full-size eigenvalue problem should be reanalyzed with the
resulting parameter changes at each iteration or at an interval of
several iterations. This scheme is specially suitable for small-scale
problems.
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VII. Conclusions

Some conclusionscan be drawn from the precedingexamples and
analyses, which are summarized as follows.

1) In most cases, MS-INVS gives results with the best accuracy
and efficiency when comparedto other algorithmsif sufficient base-
line modes are used.

2) For large parameter changes, MS-INVP usually has a slow
convergencerate.

3) The inverse modification procedures involving the character-
istic equationin modal space, such as MS-INVP and MS-INVS, are
more accurate and efficient than the predictor-corrector methods
with linear baseline-mode update.

4) MS-LINVP may be considereda modified MS-INVS, whereas
the predictor-correctormethod may be consideredto be a simplified
MS-INVS with linear baseline-mode update.

5) IS-NLIN can be used to calculate the initial guesses of design
parameters at the first iteration.

6) MS-DOPT usually requires a great deal of computation, but its
adaptive nature enables it to be more reliable than other methods.
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